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Introduction 
In [2] Appelgate and Onishi have proved that the Jacobian Conjecture in the 
two variables case holds if one of the degrees of the polynomials has at most two 
prime factors. For the proof they need several key lemmas. Here are two of them 
(see [2] or Section 1 for notations): 
Lemma A. Let f and g be polynomials in C[x, y] and assume that the jacobian of 
(f, g) is a non-zero constant. Put deg( f) = dm > 1, deg(G) = dn > 1, where 
gcd(m, n) = 1. Then for each direction ( p, q), there is a ( p, q)-form h of positive 
degree such that the (p, q)-leading forms off and g are equal to ah” and bh” 
respectively, for some a, b E C*. 
Lemma B. Let f, g, m, n and d be as in Lemma A. Let Wr and Wg be the convex 
polygons (in the real space R’) off and g, respectively. Then there exists a convex 
polygon W with vertices in Z x Z such that Wr = mW and W, = nW. 
Lemma A is not proved in [2] and it seems to us that the proof of Lemma B is 
not clear. But these two lemmas are interesting in themselves and we believe that 
they will play important roles in the further study of the Jacobian Conjecture. 
This paper contains our straightforward proofs of them. 
1. Preliminaries 
Let K be a field of characteristic zero and let K[x, y] be the ring of polynomials 
in two variables over K. 
0022-4049/8X/$3.50 0 1988, Elsevier Science Publishers B.V. (North-Holland) 
306 A. Nowicki, Y. Nakai 
If f, g E K[x, y], then we denote by [f, g] the jacobian of (f, g), that is, 
[f, sl = Ls, -f&EL . 
We shall say that (f, g) is a basic pair (or a basic pair over K) if [f, g] is a 
non-zero constant. We denote by K* the set K\(O), and we write f - g in the case 
where f = ag, for some a E K*. 
If f is a polynomial in K[x, y], then S, denotes the support off, that is, S, is the 
set of integer points (i, j) such that the monomial x’y’ appears in f with a 
non-zero coefficient. Wf is the convex hull (in the real space R’) of Sf U ((0, 0)}, 
and t,(f) (resp. tY( f)) is the greatest integer s such that the monomial xS (resp. 
y”) appears in f with a non-zero coefficient. 
By a direction we mean a pair (p, q) of integers such that gcd( p, q) = 1 and 
p>Oorq>O. 
Let (p, q) be a direction. We say that a non-zero polynomial f E K[x, y] is a 
( p, q)-form of degree n if f is of the form 
f = C a,,-W , 
pi+qj=n 
where ajj E K, that is, f # 0 is a (p, q)-form of degree n if and only if the set S, is 
contained in the line defined by the equation px + qy = n. The degree of a 
(p, q)-form f is denoted by dp,( f). 
Every polynomial f E K[x, y] has the (p, q)-decomposition f = c, f, into 
(p, q)-components f, of degree II. We denote by f z, the (p, q)-component off of 
the highest degree. By (p, q)-degree d,,(f) of a polynomial f we mean the 
number d,,(f) = d,,( f i,). In particular we have d, 1 ( f) = deg( f). 
Observe that if pq < 0, then d,,(f) could be negative. For example, if p = -2 
and q = 1, then dP,(x3y2 + x4) =’ 
The following two well-known 
-4. 
facts play a basic role in our considerations: 
Lemma 1.1 ([l-3]). Let f and g be ( p, q) -forms of degrees dm > 0 and dn > 0, 
respectively, where gcd(m, n) = 1. Zf [ f, g] = 0, then there exists a (p, q)-form h of 
degree d such that f - h”’ and g - h”. 0 
Lemma 1.2 ([l-3]). Let (f, g) b e a basic pair and let (p, q) be a direction. If 
d,,(f) + d,,(g)fp + q, then ]f,*,, &Tq,l =a 0 
The proofs of the next two lemmas are simple. 
Lemma 1.3. Zf (f, g) is a basic pair, then (1,0) and (0, 1) E S, U S,. Moreover, if 
(0, l)$?S,, then (1,0) ES,. 0 
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Lemma 1.4. Let (f, g) b e a basic pair. Zf f or g belongs to K[x] U K[y], then 
min(deg(f), deg(g)) = 1. 0 
We end this section with the following: 
Proposition 1.5. If ( f, g) is a basic pair with min(deg( f), deg( g)) > 1, then W, and 
W, are convex polygons, that is, are not line segments. 
Proof. Assume that Wf is a line segment. Then, by Lemma 1.3, Wf is a segment of 
the line x = 0 or y = 0 (since (0,O) E W,), hence f E K[x] U K[y] and, by Lemma 
1.4, we have a contradiction. 0 
2. The numbers t,(f) and t,,(f) 
Let us recall that if f E K[x, y], then we denote by t,(f) (resp. tL.( f)) the 
greatest integer s such that the point (s, 0) (resp. (0, s)) belongs to the support of 
Proposition 2.1. Zf ( f, g) is a basic pair with min(deg( f), deg( g)) > 1, then the 
numbers t,(f), t,(g), t?(f) and t,(g) are all positive. 
Proof. Without loss of any generality we may assume that f and g have no 
constant terms. Suppose that t,(f) = 0 (in the cases t,,(f) = 0 or t,(g) = 0 or 
t4.( g) = 0 we do the same procedure). Then f is divisible by y so f = f, y’, where 
t > 0 and f, is an element of K[x, y] such that y ,j f,. 
Let t,(g) = r. Then, by Lemma 1.3 (since (l(O) $ S,), r > 0 and we see that 
g = w + yg,, where w E K[x], deg,(w) = r, g, E K[x, y]. Therefore we have 
Lf, sl = MY'? 81 = Yul, gl+ tY'wY9 sl 
=Y'[f,> 81 - tY'-% 2 
= y’[f,, g] - ty’_‘f, g - ty’-‘“f,y 2 
= Y’ [f,, sl- f, g) - tY’-‘.fl g . i 
The second term is not divisible by y’. Hence the assumption [f, g] - 1 implies, 
among others, that t = 1 and f, is a constant. This implies that deg( f) = 1 and we 
have a contradiction with the assumption that min(deg( f), deg( g)) > 1. 0 
Corollary 2.2. Zf (f, g) is a basic pair with min(deg( f), kg(g)) > 1, then 
d,,(f) > 0 and d,,,(g) > 0, for any direction (p, q). 
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Proof. Let (p, q) be a direction. Then p>O or q>O. If p>O, then (by 
Proposition 2.1) 
If q > 0, then (by Proposition 2.1) 
Corollary 2.3. Zf (f, g) is a basic pair with min(deg( f),deg( g)) > 1, then d,,(f) + 
dPq( g) > p + q, for any direction (p, q). 
Proof. If p > q, then p > 0 and, by Proposition 2.1, dpq( f) + d,,(g) 2 pt,( f) + 
pt,( g) 2 p + p > p + q. In a similar way we test the case when p < q. 
If p = q, then p = q = 1 (since gcd(p, q) = 1) and we have d,,(f) + d,,(g) = 
deg(f)+deg(g)>2=p+q. Cl 
3. The similarity of polygons Wf and W, 
If h E K[x, y], then we denote by Wi the set of non-zero vertices of W,. 
Denote also by 0 the point (0,O). 
Lemma 3.1. Let (f, g) b e a basic pair with min(deg( f),deg( g)) > 1. Then for 
every vertex A E “;: there exists the unique vertex B E Wi such that the points A, B 
and 0 are collinear. 
Proof. Let A = (a, b) E WT. Let (p, q) be a direction such that A is the 
(p, q)-leading point in S,. Then f,*, -xayb and, by Corollaries 2.2 and 2.3, 
d,,(f)>O, d,,(g)>0 and d,,(f)+ d,,(g)>p + q. Hence, by Lemmas 1.1 and 
1.2, there exists a (p, q)-form h (of positive degree) such that f,*, - h” and 
g* - h’, for some s 2 1 and t 2 1. But f,*, - xUyh, so h is a monomial in K[x, y]. 
Lzt h - x’y’, for some i 2 0, j 20 such that i + j >O. Then (a, b) = (si, sj) and, 
since gzrl - xiryi’, we see that B = (it, jt) is a non-zero vertex of W,. The points 
A, B, 0 lie on the line jx - iy = 0 and it is clear that B is unique. 0 
Lemma 3.2. Let (f, g) be a basic pair with min(deg( f), deg( g)) > 1. Let A # A’ 
be non-zero vertices of Wf such that the segment AA’ is an edge of Wf. Let B be the 
unique vertex of WK such that 0, A, B are collinear (see Lemma 3.1) and let B’ be 
the unique vertex of WR such that 0, A’, B’ are collinear. Then B # B’ and the 
segment BB’ is an edge of Wg, and the segments AA’ and BB’ are parallel. 
Proof. It is clear that B # B’. Moreover, if the segment BB’ is not an edge of W, 
then in the angle (OB, OB’) lies a non-zero vertex of W, different from B and B’ 
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and then, by Lemma 3.1, there exists a vertex of W, belonging to the same angle 
and different from A and A’; it is a contradiction with the assumption that AA’ is 
an edge of Wr. Therefore BB’ is an edge of WR. 
Let (p, q) be the direction of the line AA’. By Corollaries 2.2, 2.3 and Lemmas 
1.1 and 1.2, there exists a (p, q)-form h such that f,*, - h” and gi4 - h’, for some 
s>O and t>O. 
Let d = dp,(h). 
Since A and A’ belong to the support off:,, we see that h is not a monomial. 
Assume that 
h = u,xa’yh’ + . . . + urxaybr , 
where ui,,.., u, are non-zero constants, r 2 2, and (a,, bi) # (aj, b,) for any 
i#j,andpa,+qb,=dforanyi=l,..., r. 
Case I. Let p=O. Then q=l, b,=*.. = 6, = d and we may assume that 
a, <. . . < a,. It is easy to see that then A = (a,,~, ds), A’ = (a,s, ds), B = (a,t, dt) 
and B’ = (a~, dt). Hence the segments AA’ and BB’ are parallel. 
If q = 0, then we apply the same procedure. 
Case II. Let p # 0 and q # 0. Then a, f aj and b, # b, if i # j, so we may assume 
that a,<.. .<a, or b, < ...< b,, and then we have A = (a,.~, b,s), A’ = 
(a,,~, b,s), B = (a,t, b,t) and B’ = (a$, b,t). Therefore AA’ and BB’ are 
parallel. 0 
As an immediate consequence of Lemmas 3.1 and 3.2 we obtain the following: 
Corollary 3.3. Zf (f, g) is a basic pair with min(deg( f ), deg( g)) > 1, then the 
polygons W, and W, are similar. 0 
4. Proofs of Lemmas A and B. 
Using our terminology Lemmas A and B (see the introduction) will be 
reformulated in the following form: 
Lemma A. Let K be a field of characteristic zero and let (f, g) be a basic pair over 
K, such that deg( f) = dm > 1, deg( g) = dn > 1, where gcd(m, n) = 1. Then, for 
each direction ( p, q), there exists a ( p, q)-f orm h of positive degree such that 
f,:, - h’” and g& - h”. 
Lemma B. Let K, f, g, m, n and d be as in Lemma A. Then there exists a convex 
polygon W with vertices in Z x L such that Wr = mW and W, = nW. 
Proof of Lemma B. We know, by Section 3, that Wf and W, are similar and we 
know that if A,, . . . , A, are succesive non-zero vertices of Wf, then we have the 
310 A. Nowicki. Y. Nakai 
sequence B,, . . . , B,s of successive non-zero vertices of Wg such that the points 
0, Ai, Bj are collinear for i = 1, . . . , s. Therefore the numbers lOA,/ / IOB, 1 (we 
denote by (UVI the length of a segment UV) are the same, say are equal to e, for 
anyi=l,...,s. 
Now consider the direction (1,l). Since d,,(f) = deg( f) = dm > 1 and 
d,,(g) = deg( g) = dn > 1, there exists a (1, 1)-form h of degree d such that 
fT1 - h” and gT, - h” (by Lemmas 1.1 and 1.2). 
Let h = u,xLllybl + . . . + u,xaryh7, where r 2 1, ul, . . . , u, are non-zero con- 
stants and a,<... < a,. Then the point A = (ma,, mb,) belongs to Wr, and the 
point B = (na,, nb,) belongs to Wi and the points A, B, 0 are collinear. There- 
fore e = [OAl lIOB( = min. 
Fix iE{l,. . . ,s}. Let Ai = (x,, yi) and B, = (z,, fi). Then (nx,, ny,) = 
(mz,, mt,) and, since gcd(m, n) = 1, there exists (wi, ul) E Z X Z such that Ai = 
(mwj, mu,) and Bj = (nw,, nu,). 
Let W be the polygon with vertices (0, 0), (wr, ul), . , (w,, us). Then W is 
convex and we see that Wf = mW, W, = nW. This completes the proof of Lemma 
B. 0 
Proof of Lemma A. Let (p, q) be a direction. Since (by Corollaries 2.2 and 2.3) 
d,,(f) >O, and d,,(g) >O and d,,(f) + dp,( g) >p + q, there exists a (p, q)- 
form h such that f,*, -h”’ and g& -h”‘, for some natural m’, n’ with 
gcd(m’, n’) = 1 (by Lemmas 1.1 and 1.2). Now it is clear that dp,(h) > 0. 
We shall show that m = m’ and y1= ~1’. Consider a vertex (a, b) of W,,. Then 
(m’u, m’b), (n’a, n’b) are non-zero vertices of Wf and W,, respectively. There- 
fore, by Lemma B, m’ln’ = m/n, that is, m’ = m and n’ = n (since gcd(m’, n’) = 
gcd(m, n) = 1). This completes the proof of Lemma A. 0 
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